A theoretical procedure in which a spheroidal coordinate separation-of-variables solution is used is developed for the determination of the internal and the near-surface electromagnetic fields for an arbitrary monochromatic field that is incident upon a homogeneous spheroidal particle. Calculations are presented for both the prolate and the oblate geometries, demonstrating the effects of particle size, particle axis ratio, and the orientation and character 1plane-wave and focused Gaussian beam2 of the incident field on the resultant internal and near-surface electromagnetic-field distributions.
Introduction
In a previous paper, 1 a theoretical procedure in which a spherical-coordinate separation-of-variables solution is used was developed for the determination of the internal and the near-surface electromagneticfield distributions for a homogeneous spherical particle with arbitrary monochromatic illumination. In a subsequent paper, 2 the theoretical development in Ref. 1 was generalized, using the boundarymatching method, to permit solutions for nonspherical particles. However, the development in Ref. 2 is limited to near-spherical geometries that deviate from spherical by no more than plus or minus a few tenths of a radii. In order to analyze particles of appreciably elongated 1i.e., football-shaped, prolate2 and appreciably flattened 1i.e., disk-shaped, oblate2 geometries, the solution procedure presented here, using spheroidal coordinates, was developed. Other researchers [3] [4] [5] have considered the far-field scattering of prolate and oblate spheroidal particles for planewave incidence. The study presented here differs from these previous efforts in that 112 the emphasis is on the determination of the internal and the nearsurface electromagnetic fields of the particle, not far-field scattering, and 122 the incident field is not limited to a plane wave but can be any known monochromatic field, such as a focused laser beam or scattered light from an adjacent surface or particle. Such calculations could be used, for example, to investigate theoretically the interaction of highintensity laser light with nonspherical particles modeled as either prolate or oblate spheroids.
Theoretical Development

A. General Theory
The electromagnetic interaction of a known incident monochromatic field with a spheroidal particle is considered. The particle and the surrounding medium are homogeneous, isotropic, and nonmagnetic 1µ 5 12, and the surrounding medium is assumed to be infinite and nonabsorbing. An implicit time dependence of exp12ivt2 is assumed, and the electromagnetic field is nondimensionalized relative to an electricfield amplitude E 0 associated with the incident field.
A spheroid is created by rotating an ellipse about its axis. If the ellipse is rotated about its major axis, a prolate spheroid is formed. If the ellipse is rotated about its minor axis, an oblate spheroid is formed. The spheroid has an associated semifocal length f. If a is the length of the semimajor axis and b is the length of the semiminor axis of the spheroid, then
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In the following, the rectangular coordinates 1x, y, z2, the spatial position vector r and the vector calculus operators 1=, = 2 2 are all nondimensionalized relative to the semifocal length f. 6 At present, these subroutines are limited to real h values 1i.e., real index of refractions2. Within a source-free, homogeneous medium, both the electric field E and the magnetic field H are solenoidal 1= · E 5 0, = · H 5 02 and satisfy the vector Helmholtz equation,
Following the approach of Stratton, 7 independent solenoidal vector eigenfunction solutions 1M lm , N lm 2 of the vector Helmholtz equation can be obtained from the corresponding scalar eigenfunctions by the following vector operations:
A spheroid is formed by a surface of constant radial coordinate 1j 5 j 0 5 constant2 and, thus, a value of j 0 is used to define the boundary of the spheroidal particle. The external-particle 1j . j 0 2 electromagnetic field consists of a sum of the known incident field, indicated by the superscript 1i2, and the to-bedetermined scattered field, indicated by the superscript 1s2. The internal-particle 1j , j 0 2 electromagnetic field, indicated by a superscript 1w2, is also to be determined. Expressions for the scattered and the internal fields are developed by taking summations over the appropriate forms of the corresponding vector eigenfunctions as follows. 
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Equations 182, 192, 1112, and 1122 are used, respectively, to eliminate E 1s2 , H 1s2 , E 1w2 , and H 1w2 in Eqs. 1142, 1152, 1162, and 1172, and then the resultant expressions are multiplied by S l8m8 1h ext , h2exp12im8f2 and integrated over the surface of the particle. For a maximum summation limit L, and for a given value of m fi 0, the following set of simultaneous linear algebraic equations result:
for all l8 5 0 m 0 to L. The line integrals I lml8 1-8 are dependent solely on the geometry of the particle 1j 0 2 and are defined in Appendix A. The surface integrals
h , and B l8m h are dependent on both the geometry of the particle 1j 0 2 and the incident field 3E 1i2 , H 1i2 4 and are defined as follows: 
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In Eqs. 1342-1392, it is understood that for the scattered field, h 5 h ext and R lm 5 R lm 132 , and for the internal field, h 5 h int and R lm 5 R lm 112 .
C. Oblate Geometry
In oblate spheroidal coordinates, the rectangular coordinates 1x, y, z2 are related to the spheroidal coordinates 121 , h , 11, 0 , j ,`, 0 , f , 2p2 by 
Verification Calculations
Computer programs were written based on the theoretical development discussed in Section 2. These computer programs 1and the inherent theoretical development2 were verified by performing several tests. Electromagnetic-field distributions were generated for prolate and oblate spheroids of 1.3 axis ratio, and the results were directly compared point by point with corresponding results by the use of the spherical function boundary-matching method of Ref.
2. For the limited axis ratio of 1.3, the boundarymatching method is rigorously valid, and the results of the spheroidal and the boundary-matching calculations were found to be identical to the order of parts in 10 6 . Though the emphasis of the study presented here involves the determination of the internal and the near-surface electromagnetic fields, once the scattering coefficients have been determined, the far-field scattering patterns can be straightforwardly calculated. Far-field scattering patterns were calculated for conditions corresponding to those of figures 3-5 in the paper of Asano and Yamamoto 4 1prolate spheroids of 2:1 and 5:1 axis ratio and oblate spheroid of 2:1 axis ratio, h 5 1, 2, 3, 4, 5, 6, and 72, and agreement was Fig. 1 . Normalized-source-function distribution in the x-z plane for a plane wave that is incident upon a 2:1 axis ratio prolate spheroid with 0°angle of incidence. 1h ext 5 8.00, n 5 1.33, u bd 5 0°, and f bd 5 90°.2 Fig. 2 . Contour plot of the normalized-source-function distribution in the x-z plane for a plane wave that is incident upon a 2:1 axis ratio prolate spheroid with 0°angle of incidence. 1h ext 5 8.00, n 5 1.33, u bd 5 0°, and f bd 5 90°.2 Fig. 3 . Normalized-source-function distribution in the x-z plane for a plane wave that is incident upon a 2:1 axis ratio prolate spheroid with 45°angle of incidence. 1h ext 5 8.00, n 5 1.33, u bd 5 45°, and f bd 5 90°.2 found for each of the individual cases. 1Note that there is apparently a typographical error in figure 4 in the paper of Asano and Yamamoto 4 : the 0°scatter-ing intensity for the h 5 3 case should be 5.90 3 10 22 , not 6.90 3 10 22 as given. 2 Finally, an additional verification was obtained by checking the rigor with which the electromagneticboundary conditions are maintained over the surface of the particle. These boundary conditions include not only the imposed tangential conditions of Eqs. 1142-1172, but also the following supplementary conditions on the normal components of the electromagnetic field. At j 5 j 0 ,
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The absolute values of the deviations of the left-and the right-hand sides of Eqs. 1502 and 1512, averaged over the surface of the particle, provided a sensitive convergence criterion. Normal convergence was observed, and the convergence criterion could be made negligibly small by choosing the summation index limits M and L to be sufficiently large.
Demonstration Calculations
A set of calculations demonstrating the effects of geometry and incident-field orientation and character on the internal and the near-surface electromagnetic fields of a spheroidal particle were performed. For these calculations, the external dielectric constant 1e ext 2 was set equal to 1.0 and the relative index of refraction 1n2 was set equal to 1.33. Even though the magnitude and the phase for each component of the electromagnetic field can be determined, a useful visualization of the electromagnetic-field distribution In the following, the normalized source function is plotted within a range of 61.5 in the plane perpendicular to the direction of the incident-electric-field polarization. In this plane, the normal 1j2 component of the electric field is zero, and the normalized source function is continuous across the particle surface. The incident electromagnetic field, either plane wave or focused Gaussian beam, is assumed to be linearly polarized. The direction of propagation and the direction of the electric-field polarization are specified with two directional angles, u bd and f bd . u bd is the direction of propagation relative to the y-z plane, and f bd is the direction of the incident-electricfield polarization relative to the x-z plane. The electromagnetic-field components for the incident focused Gaussian 1TEM 00 mode2 beam were determined by the use of the fifth-order analytical expressions given in Ref. 8 . To characterize the focused Gaussian beam, two other parameters must be specified, the beam-waist radius 1w 0 2 and the location of the beam focal point 1x 0 , y 0 , z 0 2. Figure 1 shows a surface grid plot of the normalized source function in the x-z plane for a plane wave that is incident upon a 2:1 axis ratio, h ext 5 8.00, prolate spheroid. 1An h ext value of 8.00 for a 2:1 axis ratio spheroid corresponds to a size parameter based on the semimajor axis, a 5 2pa@l ext , of 9.24.2 The angle of incident propagation in Fig. 1 is 0°1end-on incidence2 , and the angle of incident-electric-field polarization is 90°1perpendicular to the x-z plane2. As shown in Fig. 1 , for these conditions, there is strong internal focusing, with a series of peaks in the normalized source function occurring along the centerline of the prolate spheroid. These peaks increase in magni- tude from the illuminated side to the shadow side of the particle. Figure 2 is a contour plot of the same data presented in Fig. 1 . The thick dark oval in Fig.  2 shows the surface boundary of the prolate spheroid. As can be seen in Fig. 2 , the maximum peak in the normalized source function occurs just inside the particle boundary on the shadow side. Figures 3 and  4 are for the same conditions as shown in Fig. 1 , except now the angles of incidence are 45°and 90°, respectively. Comparison of Figs. 1, 3 , and 4 demonstrates the strong effects of angle of incidence on the internal and the near-surface electromagnetic-field distributions that can occur in prolate spheroids.
Figures 5-8 correspond to Figs. 1-4, except now the particle is a 2:1 axis ratio oblate spheroid. Figures 5 and 6 are for 0°angle of incidence. For the oblate spheroid, the maximum peak in the normalized source function occurs well outside of the particle. The oblate spheroid, with end-on incidence, acts a focusing lens, creating a strong spot of intensity along the centerline and on the shadow side of the particle. The 0°angle of incidence distribution for the oblate spheroid 1Fig. 52 shows some resemblance to the 90°a ngle of incidence distribution for the prolate spheroid 1Fig. 42. Also, the 90°angle of incidence distribution for the oblate spheroid 1Fig. 82 shows some resemblance to the 0°angle of incidence distribution for the prolate spheroid 1Fig. 12. However, in neither of these two comparisons are the normalized-sourcefunction distributions identical.
As discussed in Section 2, solutions can be obtained for any known incident field, not just for a plane wave. Figure 9 shows the normalized-source-function distribution for a Gaussian beam with a beam radius 1w 0 2 of 1.25 that is incident upon the same 2:1 axis ratio prolate spheroid considered in Figs. 1-4 . The beam propagates with a 90°angle of incidence and is focused on the backside spheroid focal point, 1x 0 , y 0 , z 0 2 5 10.0, 0.0, 1.02. The Gaussian profile of the incident beam can be seen along the left-hand side of Fig. 9 . A contour plot of the same data presented in Fig. 9 is shown in Fig. 10 . The incident beam creates a peak in the normalized source function on the shadow-side surface of the particle. The reflection of the beam off the illuminated surface of the particle also interferes with the incoming beam to create an illuminated-side, external-particle interference pattern, as shown in both Figs. 9 and 10. Figures 11 and 12 correspond with Figs. 9 and 10, except this time the Gaussian beam propagates with a 0°angle of incidence and is focused on the upper focal point of an oblate spheroid.
Figures 13 and 14 demonstrate the effects of particle size on the internal and the near-surface electromagnetic-field distributions. Figure 13 is for the same 2:1 axis ratio prolate spheroid, 0°angle of incidence plane-wave conditions as Fig. 1 , except now the particle is 50% larger with h ext 5 12.00 1a 5 13.862. In comparing Figs. 1 and 13 , it can be seen that strong centerline focusing occurs in both cases, but for the larger particle of Fig. 13 , the focusing effect appears more localized, and the peak in the normalized source function is higher 1note the change in scale2. Figure  14 is for the h ext 5 12.00, 2:1 axis ratio oblate spheroid with 0°angle of incidence plane-wave illumination. In comparison with the h ext 5 8.00 results presented in Fig. 5 , the larger oblate spheroid particle has more internal structure in the internal normalized-sourcefunction distribution and a higher shadow-side focusing peak.
All the results so far have been for 2:1 axis ratio spheroids. Figures 15 and 16 show the normalizedsource-function distribution for the 0°angle of incidence plane-wave illumination of a h ext 5 8.00, prolate spheroid with a 3:1 axis ratio. In comparing Figs. 15 and 16 with the corresponding 2:1 axis ratio results of Figs. 1 and 2 , it can be observed that the centerline focusing within the 3:1 axis ratio spheroid is somewhat weaker for these conditions. Figures 17 and 18 are for the 3:1 axis ratio oblate spheroid with 0°angle of incidence, and the results of Figs. 17 and 18 can be compared with those of Figs. 5 and 6. As can be observed, the external focusing of the 3:1 axis ratio oblate spheroid is somewhat weaker than that of the corresponding 2:1 axis ratio oblate spheroid for these conditions.
Summary
A theoretical procedure in which a spheroidal coordinate separation-of-variables solution is used has been developed for the determination of the internal and the near-surface electromagnetic fields for an arbitrary monochromatic field that is incident upon a homogeneous spheroidal particle. For the conditions considered with end-on plane-wave incidence, prolate particles demonstrate internal centerline focusing, while oblate particles, acting like a lens, produce an intense external focal point along the centerline, on the shadow side of the particle. In all cases, the electromagnetic-field distributions inside and outside the particle are shown to be strongly dependent on the angle of incidence of the illuminating field.
